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Motivation

Learning-enabled components are being increasingly used in control systems due to their
ease of computation and ability to outperform traditional optimization-based approaches.

However, neural networks are vulnerable to input perturbations.

These uncertainties can compound in closed-loop applications.

Ensuring safe operation in safety-critical applications is paramount.

u =??x ∈ X0

Image credit: MIT CSAIL
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Problem Statement

One way to ensure safety under uncertainty is to compute a reachable set, the set of all
possible states a system can reach.
Problem: Efficiently compute an accurate reachable set for a nonlinear system with a
piecewise constant state-feedback neural network controller
Method: Develop a compositional interval-based reachability framework with a
contraction-guided adaptive partitioning algorithm

System
ẋ = f(x, u, w)

Disturbance

u = N(xj)xj ∈ X0

w
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Part I

Interval Reachability of Learning-Enabled Systems
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Interval Analysis: Inclusion Functions

Definition (Inclusion Functions)

Given a map f , the map F =
[
F

F

]
is an inclusion function for f if for every x ≤ x ≤ x,

F(x, x) ≤ f(x) ≤ F(x, x).

Minimal Inclusion Function[
F(x,x)

F(x,x)

]
=

[
infx∈[x,x] f(x)

supx∈[x,x] f(x)

]
Inclusion functions provide a sound and
scalable approach for bounding a
mapping’s output.
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Interval Analysis: Natural Inclusion Functions in npinterval

Definition (Natural Inclusion Function)

Given f = f1 ◦ f2 ◦ · · · ◦ fN , with inclusion functions F1,F2, . . . ,FN , the map F1 ◦ F2 ◦ · · · ◦ FN

is a natural inclusion function for F.

Simple (non-unique) approach to building inclusion functions:
1 Define minimal inclusion functions for elementary operations and standard functions
2 Chain operations and functions together to build inclusion functions for general f

npinterval [1] implements this in numpy

as a new interval data-type. Standard
ufuncs are implemented in compiled C.

Right: Compare f(x1, x2) =
[(x1 + x2)

2, 4 sin((x1 − x2)/4)]
T ,

f(x1, x2) =
[x2

2 + 2x1x2 + x2
2, 4 sin(x1/4) cos(x2/4)−

4 cos(x1/4) sin(x2/4)]
T

[1] A. Harapanahalli, S. Jafarpour, S. Coogan, WFVML at ICML
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Neural Network Verification: First-Order Inclusion Functions

Assumption (Local Affine Bounds of Neural Network)

Given the neural network controller N , there exists an algorithm providing
(C [y,y], C [y,y], d[y,y], d[y,y]) valid for the localization [y, y], such that for any x ∈ [x, x] ⊂ [y, y],

C [y,y]x+ d ≤ N(x) ≤ C [y,y]x+ d,

which implies that N is a [y, y]-localized inclusion function for N , where[
N

N

]
=

[
C+

[y,y]
x+C−

[y,y]
x+d[y,y]

C
−
[y,y]x+C

+
[y,y]x+d[y,y]

]
.

Notation: (C+)i,j := max(Ci,j , 0), C
− = C − C+

Many neural network verifiers can return bounds of this form, in particular CROWN [2]

[2] H. Zhang, T-W. Weng, P-Y. Chen, C-J. Hsieh, and L. Daniel, NeurIPS
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Closed-Loop System Inclusion Function

For the nonlinear system ẋ = f(x, u, w) controlled by neural network u := N(xj), with
inclusion functions F for f and N for N , if [y, y] ⊇ [x(tj), x(tj)],

F
(
x, x,N[y,y](x(tj), x(tj)),N[y,y](x(tj), x(tj)), w, w

)
is a valid inclusion function for the closed-loop dynamics.

System
ẋ = f(x, u, w)

Disturbance

u = N(xj)xj ∈ X0

w
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“Hybrid” Embedding System

Embedding of the uncertain neural network controlled system into a 2n-dimensional
deterministic dynamical embedding system, evolving with state [ xx ]
The neural network verification step is computationally expensive
To facilitate runtime reachability, we use the “hybrid” mode. For i = 1, . . . , n,

η
j
= N[x(tj),x(tj)]

(
x(tj), x(tj)i:x(tj)

)
ηj = N[x(tj),x(tj)]

(
x(tj), x(tj)i:x(tj)

)
νj = N[x(tj),x(tj)]

(
x(tj)i:x(tj), x(tj)

)
νj = N[x(tj),x(tj)]

(
x(tj)i:x(tj), x(tj)

)

ẋi =
(
E(x, x, w,w)

)
i
:=

(
F
(
x, xi:x, ηj , ηj , w, w

))
i

ẋi =
(
E(x, x, w,w)

)
i
:=

(
F
(
xi:x, x, νj , νj , w, w

))
i

Notation: (xi:y)j =

{
xj i ̸= j

yj i = j
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Reachability Using the Embedding System

The 2n-dimensional deterministic dynamical embedding system provides computationally
efficient bounds on the uncertain dynamics of the neural network controlled system.

Proposition (interval reachability via embedding system)

Given ẋ = f(x, u, w) with u := N(xj), and inclusion function F for f ,

Rf (t, t0, [x0, x0], [w,w]) = {trajectories of f from x0 ∈ [x0, x0] with w(t) ∈ [w,w]}
⊆ [x(t), x(t)],

for every t ≥ t0, provided t 7→
[
x(t)
x(t)

]
is the trajectory of the embedding system

ẋi =
(
E(x, x, w,w)

)
i
:=

(
F
(
x, xi:x, ηj , ηj , w, w

))
i

ẋi =
(
E(x, x, w,w)

)
i
:=

(
F
(
xi:x, x, νj , νj , w, w

))
i

.
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Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12



Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}



Rendered with Manim Community v0.18.0



Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton1'){ocgs[i].state=false;}}


Rendered with Manim Community v0.18.0



Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton2'){ocgs[i].state=false;}}


Rendered with Manim Community v0.18.0



Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton3'){ocgs[i].state=false;}}


Rendered with Manim Community v0.18.0



Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton4'){ocgs[i].state=false;}}


Rendered with Manim Community v0.18.0



Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton5'){ocgs[i].state=false;}}


Rendered with Manim Community v0.18.0



Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton6'){ocgs[i].state=false;}}


Rendered with Manim Community v0.18.0



Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton7'){ocgs[i].state=false;}}


Rendered with Manim Community v0.18.0



Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton8'){ocgs[i].state=false;}}


Rendered with Manim Community v0.18.0



Embedding System Visualization

A. Harapanahalli Contraction-Guided Adaptive Partitioning 12


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton9'){ocgs[i].state=false;}}


Rendered with Manim Community v0.18.0



Part II

Contraction-Guided Adaptive Partitioning
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Basic Theory of Partitioning

While interval methods are
computationally efficient, they
are notoriously overconservative

Estimates tend to grow
exponentially as the size of
intervals grow

Smaller initial sets have smaller
overconservatism
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Understanding Conservatism Using Contraction Theory

Theorem (informal, accuracy guarantees)∥∥∥∥[x(t)x(t)

]
−
[
x(t)
x(t)

]∥∥∥∥
∞

≤ ecxt · (1) size of initial set [x0, x0]

+
ℓu(e

cxt − 1)

cx
· (2) neural network verification approximation error

+
ℓw(e

cxt − 1)

cx
· (3) size of disturbance [w,w] ,

where cx is the maximum rate of expansion of the closed-loop system, ℓu is the ℓ∞-Lipschitz
bound of the control input u on the open-loop system, and ℓw is the ℓ∞-Lipschitz bound of the
disturbance input w; all localized to a curve [y(t), y(t)] ⊇ [x(t), x(t)].

1 We introduce Contraction-Guided Adaptive Partitioning, with three main features:
Separation, Spatial Awareness, and Temporal Awareness.
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Feature 1: Separation∥∥∥∥[x(t)x(t)

]
−
[
x(t)
x(t)

]∥∥∥∥
∞

≤ ecxt · (1) size of initial set [x0, x0]

+
ℓu(e

cxt − 1)

cx
· (2) neural network verification approximation error

+
ℓw(e

cxt − 1)

cx
· (3) size of disturbance [w,w]

Local constants: cx = closed-loop rate of expansion. ℓu = Lipf∞(u), ℓw = Lipf∞(w) (Lipschitz)

Build the inclusion function N[y,y] for a set
containing multiple partitions, and reuse.

Improves (1) size of initial set [x0, x0]

without spending extra computations on

(2) neural network verification approximation error
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Feature 2: Spatial Awareness∥∥∥∥[x(t)x(t)

]
−
[
x(t)
x(t)

]∥∥∥∥
∞

≤ ecxt · (1) size of initial set [x0, x0]

+
ℓu(e

cxt − 1)

cx
· (2) neural network verification approximation error

+
ℓw(e

cxt − 1)

cx
· (3) size of disturbance [w,w]

Local constants: cx = closed-loop rate of expansion. ℓu = Lipf∞(u), ℓw = Lipf∞(w) (Lipschitz)

Partition the regions of the state space that are
expanding the fastest. Improves cx, ℓu, ℓw
where they are spatially the worst.
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Feature 3: Temporal Awareness∥∥∥∥[x(t)x(t)

]
−
[
x(t)
x(t)

]∥∥∥∥
∞

≤ ecxt · (1) size of initial set [x0, x0]

+
ℓu(e

cxt − 1)

cx
· (2) neural network verification approximation error

+
ℓw(e

cxt − 1)

cx
· (3) size of disturbance [w,w]

Local constants: cx = closed-loop rate of expansion. ℓu = Lipf∞(u), ℓw = Lipf∞(w) (Lipschitz)

Saves computations by applying partitions
along trajectories just before estimates begin to
explode. Improves cx, ℓu, ℓw where they are
temporally the worst.
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Algorithm

Scaled ∞-norm: for ε ∈ Rn, ∥x∥∞,ε = ∥ diag(ε)−1x∥∞.

Get  (Neural
Network Verification)
from Deepest Parent

with 

Flow  to obtain
Estimate Local
Closed-Loop

Contraction Rate
 in Scaled -norm

Estimate

Partition and Add
Subpartitions to Tree

Integrate partition
fully to

Continue with
Subpartitions (new

child nodes)

Continue with Next
Partition

(neighboring node)

If estimated

and 
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Vehicle Model

Kinematic bicycle controlled by a 4× 100× 100× 2 ReLU network trained using imitation
learning on an MPC stabilizing to the origin while avoiding an obstacle centered at (4, 4).

ṗx = v cos(ϕ+ β(u2)) ϕ̇ =
v

ℓr
sin(β(u2))

ṗy = v sin(ϕ+ β(u2)) v̇ = u1

ε Dp, DN Runtime (s) Volume

non-adaptive (2, 1) 1.851± 0.010 1.988
[0.2, 0.2, ∞, ∞] (2, 1) 1.583± 0.010 1.689

[0.25, 0.25, ∞, ∞] (2, 1) 1.243± 0.008 1.846
non-adaptive (2, 2) 4.274± 0.023 0.803

[0.2, 0.2, ∞, ∞] (2, 2) 3.332± 0.012 0.787
[0.25, 0.25, ∞, ∞] (2, 2) 2.636± 0.008 0.986

Table: The performance of ReachMM-CG on the vehicle model.

0 2 4 6 8
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py

runtime: 0.021 ± 0.009
volume: 2983.09912

= [0 0 0 0], Dp = 0, DN = 0
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Vehicle Model

Kinematic bicycle controlled by a 4× 100× 100× 2 ReLU network trained using imitation
learning on an MPC stabilizing to the origin while avoiding an obstacle centered at (4, 4).

ṗx = v cos(ϕ+ β(u2)) ϕ̇ =
v

ℓr
sin(β(u2))

ṗy = v sin(ϕ+ β(u2)) v̇ = u1

ε Dp, DN Runtime (s) Volume

non-adaptive (2, 1) 1.851± 0.010 1.988
[0.2, 0.2, ∞, ∞] (2, 1) 1.583± 0.010 1.689

[0.25, 0.25, ∞, ∞] (2, 1) 1.243± 0.008 1.846
non-adaptive (2, 2) 4.274± 0.023 0.803

[0.2, 0.2, ∞, ∞] (2, 2) 3.332± 0.012 0.787
[0.25, 0.25, ∞, ∞] (2, 2) 2.636± 0.008 0.986

Table: The performance of ReachMM-CG on the vehicle model.
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runtime: 1.703 ± 0.022
volume: 1.98832

= [0 0 0 0], Dp = 2, DN = 1
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Vehicle Model

Kinematic bicycle controlled by a 4× 100× 100× 2 ReLU network trained using imitation
learning on an MPC stabilizing to the origin while avoiding an obstacle centered at (4, 4).

ṗx = v cos(ϕ+ β(u2)) ϕ̇ =
v

ℓr
sin(β(u2))

ṗy = v sin(ϕ+ β(u2)) v̇ = u1

ε Dp, DN Runtime (s) Volume

non-adaptive (2, 1) 1.851± 0.010 1.988
[0.2, 0.2, ∞, ∞] (2, 1) 1.583± 0.010 1.689

[0.25, 0.25, ∞, ∞] (2, 1) 1.243± 0.008 1.846
non-adaptive (2, 2) 4.274± 0.023 0.803

[0.2, 0.2, ∞, ∞] (2, 2) 3.332± 0.012 0.787
[0.25, 0.25, ∞, ∞] (2, 2) 2.636± 0.008 0.986

Table: The performance of ReachMM-CG on the vehicle model.

0 2 4 6 8
px

0
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4
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8

py

runtime: 1.122 ± 0.014
volume: 1.84633

= [0.25 0.25    ], Dp = 2, DN = 1
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Discrete-Time Double Integrator

Benchmark from the literature. Discrete time
double integrator with 2× 10× 5× 1 ReLU
neural network controller.

t0 t1 t2

t3 t4 t5

The partition tree for a run on the double
integrator for ε = 0.1, Dp = 10, DN = 2.

1 0 1 2 3
1.5

1.0

0.5

0.0

0.5

1.0
runtime: 0.259 ± 0.001
area: 0.15472

= 0, Dp = 2, DN = 2

1 0 1 2 3
1.5

1.0

0.5

0.0

0.5

1.0
runtime: 1.466 ± 0.022
area: 0.00898

= 0, Dp = 6, DN = 2

1 0 1 2 3
1.5

1.0

0.5

0.0

0.5

1.0
runtime: 0.079 ± 0.001
area: 0.10045

= 0.1, Dp = 3, DN = 1

1 0 1 2 3
1.5

1.0

0.5

0.0

0.5

1.0
runtime: 0.833 ± 0.025
area: 0.00755

= 0.05, Dp = 6, DN = 2
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Discrete-Time Double Integrator - Comparison to the Literature

Method Setup Runtime Area

ReachMM-CG (0.1, 3, 1) 0.079 1.0 · 10−1

(our method) (0.05, 6, 2) 0.833 7.5 · 10−3

ReachMM [3]
(2, 2) 0.259 1.5 · 10−1

(6, 2) 1.466 9.0 · 10−3

ReachLP-Unif [4]
4 0.212 1.5 · 10−1

16 3.149 1.0 · 10−2

ReachLP-GSG [4]
55 0.913 5.3 · 10−1

205 2.164 8.8 · 10−2

ReachLipBnB [5]
0.1 0.956 5.4 · 10−1

0.001 3.681 1.2 · 10−2

1 0 1 2 31.5

1.0

0.5

0.0

0.5

1.0
ReachMM-CG
ReachLP-Uniform
ReachLipBnB

1 0 1 2 31.5

1.0

0.5

0.0

0.5

1.0
ReachMM-CG
ReachLP-Uniform
ReachLipBnB

[3] S. Jafarpour, A. Harapanahalli, and S. Coogan, L4DC
[4] M. Everett, G. Habibi, C. Sun, and J. How, IEEE Access
[5] T. Entesari, S. Sharifi, and M. Fazlyab, ICRA
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Part III

Conclusions
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Conclusions

Ensuring safety of learning enabled components in control systems is vital for
safety-critical applications.

While interval reachable set computation provides a fast and scalable approach, estimates
can be overconservative.

The efficiency of interval reachability approaches are expoited through partitioning, and
borrowing ideas from contraction theory, the adaptive partitioning algorithm can help
balance the accuracy/runtime tradeoff through separation, and spatial/temporal
awareness.

A. Harapanahalli Contraction-Guided Adaptive Partitioning 24



In the Pipeline...

Interaction-Aware Jacobian-
based Inclusion Functions

<latexit sha1_base64="VYc/GDvpefSf6yr6Zg4eBgCtlyw=">AAACAnicbZDLSsNAFIYn9VbrLerSTbAVBKEkxduyIIjuKtgLtLFMppN26MwkzEyKJWTnC/ga7sSFGxf1MXwbJzGbtv6rn/87B85/vJASqWz7xyisrK6tbxQ3S1vbO7t75v5BSwaRQLiJAhqIjgclpoTjpiKK4k4oMGQexW1vfJPy9gQLSQL+qKYhdhkccuITBJWO+ubZPVdYoIBzjNLEqvQYVCPpx7fJU5x5wWLNk6TSN8t21c5kLRsnN2WQq9E3Z71BgCKGuUIUStl17FC5MRSKIIqTUi+SOIRoDIe4O5iQUHLIsHTj56zXHI8hk3LKvMQ6ye5bZGn4H+tGyr92Y8LDSGGO9IhmfkQtFVjpP6wBEbo5nWoDkSD6MguNoIBIv0WWdGVnseCyadWqzmX14qFWrp/n5YvgCByDU+CAK1AHd6ABmgCBV/AJZuDbeDHejHfj42+0YOQ7h2BOxtcvtduY7w==</latexit>

Interconnection Fcon

<latexit sha1_base64="Aj0GLevpLiGw3B4W597DOhKWsWk=">AAAB7HicbZC7TsMwFIZPuJZyCyAmlogKiYUqqbiNlVhgKxK9SG1UOa7bWnVsy3YqqqhvwYYYWBjgJXgN3ganZGnLv/jX+Y4lf44ko9r4/o+zsrq2vrFZ2Cpu7+zu7bsHhw0tEoVJHQsmVCtCmjDKSd1Qw0hLKoLiiJFmNLrLeHNMlKaCP5mJJGGMBpz2KUbGjrru8QOXibkQibGHh6RUAuFh1y35ZX8Wb7kEeSlBnlrX/e70BE5iwg1mSOt24EsTpkgZihmZFjuJJhLhERqQdm9MpeYoJjpMn2cGczxFsdaTOJp6ZzEyQ73IsuF/rJ2Y/m2Y0syHcGxXLOsnzDPCy8y9HlUEGzaxBWFF7cs8PEQKYWP/p2iVg0XB5dKolIPr8tVjpVS9zOULcAKncA4B3EAV7qEGdcCQwjt8wpfDnRfn1Xn7W11x8jtHMBfn4xe25Y9F</latexit>

Input-output approach
<latexit sha1_base64="cz5ge5oOKcuuSu1uIgCkFAqz8vY=">AAAB+3icbZDLTsJAFIaneEO8VV26aQQTV6Ql3pYkJMYlJnJJoJLp9BQmzLTNzJRImr6Ar+HOuHDjQle+hm/jUNkA/qs/5z8nOd/vxYxKZds/RmFtfWNzq7hd2tnd2z8wD4/aMkoEgRaJWCS6HpbAaAgtRRWDbiwAc49Bxxs3ZnlnAkLSKHxQ0xhcjochDSjBSo8GZqURiRAE+Falz7EaySC9zR7T3AueYqKyrDIwy3bVzmWtGmduymiu5sD87vsRSTiEijAsZc+xY+WmWChKGGSlfiIhxmSMh9DzJzSWIeYg3fQpB1rIU8ylnHIvs87y/5az2fC/rJeo4MZNaRgnCkKiV3QWJMxSkTUrwvKpAKLYVBtMBNWfWWSEhSbWdZU0srMMuGratapzVb28r5XrF3P4IjpBp+gcOega1dEdaqIWIugZvaNP9GVkxovxarz9rRaM+c0xWpDx8QvbfZWh</latexit>

Cornered Fact
<latexit sha1_base64="IOUZVvYAWR00Csr5NmbTKFUnNT0=">AAACB3icbZDLSsNAFIYnXmu9RV26GWwFN5akeFsWBHEjVLAXaGOZTE7aoZMLM5PSEvIAvoCv4U5cuNCFvoNvYxqzaeu/+jn/OXC+3w45k8owfrSl5ZXVtfXCRnFza3tnV9/bb8ogEhQaNOCBaNtEAmc+NBRTHNqhAOLZHFr28Hqat0YgJAv8BzUJwfJI32cuo0Slo55u3LExOKdSEQWYBsIHAQ4udz2iBtKNb5LHOPPCiwlVSVLu6SWjYmTCi8bMTQnlqvf0j64T0MgDX1FOpOyYRqismAjFKIek2I0khIQOSR86zoiF0iceSCseZ3AzeUw8KSeeneDj7L/5bDr8L+tEyr2yYuaHkQKfpitp5kYcqwBPS8EOE0AVn6SGUMHSzzAdEJESp9UVU2RzHnDRNKsV86Jyfl8t1c5y+AI6REfoBJnoEtXQLaqjBqLoGb2jL/StPWkv2qv29re6pOU3B2hG2ucv3vyang==</latexit>

Mixed-state cornered Fact

<latexit sha1_base64="2OQM3pYjFVslk+VrmiD0HubPYxw=">AAACH3icbZDLTsJAFIaneEO8oS7dNIKJK9ISb0sSE4M7TOSS0EqmwwEmTKfNzBQlTR/GF/AZ3LkzLtyw0GdxwG64/Kt/zncmOf/vhYxKZVkTI7O2vrG5ld3O7ezu7R/kD48aMogEgToJWCBaHpbAKIe6oopBKxSAfY9B0xveTnlzBELSgD+qcQiuj/uc9ijBSo86+eo9VxoDmT7NouNjNZC9+C55imde+DEJeJI4z9Dtg7mKY6KSpNjJF6ySNZO5bOzUFFCqWif/7nQDEvnAFWFYyrZthcqNsVCUMEhyTiQhxGSI+9DujmgoOfZBuvHLLPQcj7Ev5dj3EvNsdt8imw5XsXakejduTHkYKeBEr2jWi5ipAnNaltmlQjfDxtpgIqi+zCQDLHRi3VlOR7YXAy6bRrlkX5UuH8qFykUaPotO0Ck6Rza6RhVURTVURwS9oW/0g36NV+PD+DS+/lczRvrnGM3JmPwBpIyl5g==</latexit>

Intersection Fcon ^ Fact
<latexit sha1_base64="BupFQ5q1v/Qul1ar85+oNCFgTIk=">AAACBXicbZDLSsNAFIYnXmu9RV26GWwFN4akeFsWBHEjVLAXaGOZTE7boZMLM5PSErL2BXwNd+LCjYK+hG9jGrNp67/6Of85cL7fCTmTyjR/tKXlldW19cJGcXNre2dX39tvyCASFOo04IFoOUQCZz7UFVMcWqEA4jkcms7wepo3RyAkC/wHNQnB9kjfZz1GiUpHXd24Y2NwTwnnmAbCBwEuLnc8ogayF98kj3HmhRcTqpKk3NVLpmFmwovGyk0J5ap19c+OG9DIA19RTqRsW2ao7JgIxSiHpNiJJISEDkkf2u6IhdInHkg7HmdoM3lMPCknnpPg4+y/+Ww6/C9rR6p3ZcfMDyMFPk1X0qwXcawCPK0Eu0wAVXySGkIFSz/DdEBESpwWV0yRrXnARdOoGNaFcX5fKVXPcvgCOkRH6ARZ6BJV0S2qoTqi6Bm9oy/0rT1pL9qr9va3uqTlNwdoRtrHLxwFmaI=</latexit>

Mixed-all cornered Fact

<latexit sha1_base64="OiXu5rs8V8gv9OC46lUfP/ucjfM=">AAAB2HicbZA7TwJBFIXv+kR8oZY2G4mJFdk1vkqijSVGeUTYkNnhAhNmdiczswSyIbEzFjYW+nf8G/4bB9wG8FQn9zs3ueeGkjNtPO/HWVldW9/YzG3lt3d29/YLB4c1HSeKYpXGPFaNkGjkLMKqYYZjQyokIuRYDwd3U14fotIsjp7MWGIgSC9iXUaJsaPHUdtvF4peyZvJXTZ+ZoqQqdIufLc6MU0ERoZyonXT96QJUqIMoxwn+VaiURI6ID1sdoZM6ogI1EE6ml07x1MitB6LcOKeCmL6epFNh/+xZmK6N0HKIpkYjKiNWNZNuGtid9rS7TCF1PCxNYQqZi9zaZ8oQo39Rd5W9hcLLpvaecm/Kl0+XBTLt1n5HBzDCZyBD9dQhnuoQBUo9OAdPuHLeXZenFfn7S+64mQ7RzAn5+MXw1GHHA==</latexit>x1

<latexit sha1_base64="O/nK+H5I6b802Yk2KyrPEqYs5Uo=">AAAB2HicbZBLT8JAFIVv8YX4Ql26aSQmrkhLfC2JblxilEeEhkyHC0yYaSczUwJpSNwZF25c6N/xb/hvbLEbwLM6ud+5yT3Xl5xp4zg/Vm5tfWNzK79d2Nnd2z8oHh41dBgpinUa8lC1fKKRswDrhhmOLamQCJ9j0x/dpbw5RqVZGDyZqURPkEHA+owSk4weJ91Kt1hyys5c9qpxM1OCTLVu8bvTC2kkMDCUE63briONFxNlGOU4K3QijZLQERlguzdmUgdEoPbiyfzaBR4TofVU+DP7TBAz1MssHf7H2pHp33gxC2RkMKBJJGH9iNsmtNOWdo8ppIZPE0OoYsllNh0SRahJflFIKrvLBVdNo1J2r8qXDxel6m1WPg8ncArn4MI1VOEealAHCgN4h0/4sp6tF+vVevuL5qxs5xgWZH38AsTDhx0=</latexit> x
2

<latexit sha1_base64="O/nK+H5I6b802Yk2KyrPEqYs5Uo=">AAAB2HicbZBLT8JAFIVv8YX4Ql26aSQmrkhLfC2JblxilEeEhkyHC0yYaSczUwJpSNwZF25c6N/xb/hvbLEbwLM6ud+5yT3Xl5xp4zg/Vm5tfWNzK79d2Nnd2z8oHh41dBgpinUa8lC1fKKRswDrhhmOLamQCJ9j0x/dpbw5RqVZGDyZqURPkEHA+owSk4weJ91Kt1hyys5c9qpxM1OCTLVu8bvTC2kkMDCUE63briONFxNlGOU4K3QijZLQERlguzdmUgdEoPbiyfzaBR4TofVU+DP7TBAz1MssHf7H2pHp33gxC2RkMKBJJGH9iNsmtNOWdo8ppIZPE0OoYsllNh0SRahJflFIKrvLBVdNo1J2r8qXDxel6m1WPg8ncArn4MI1VOEealAHCgN4h0/4sp6tF+vVevuL5qxs5xgWZH38AsTDhx0=</latexit> x
2

<latexit sha1_base64="OiXu5rs8V8gv9OC46lUfP/ucjfM=">AAAB2HicbZA7TwJBFIXv+kR8oZY2G4mJFdk1vkqijSVGeUTYkNnhAhNmdiczswSyIbEzFjYW+nf8G/4bB9wG8FQn9zs3ueeGkjNtPO/HWVldW9/YzG3lt3d29/YLB4c1HSeKYpXGPFaNkGjkLMKqYYZjQyokIuRYDwd3U14fotIsjp7MWGIgSC9iXUaJsaPHUdtvF4peyZvJXTZ+ZoqQqdIufLc6MU0ERoZyonXT96QJUqIMoxwn+VaiURI6ID1sdoZM6ogI1EE6ml07x1MitB6LcOKeCmL6epFNh/+xZmK6N0HKIpkYjKiNWNZNuGtid9rS7TCF1PCxNYQqZi9zaZ8oQo39Rd5W9hcLLpvaecm/Kl0+XBTLt1n5HBzDCZyBD9dQhnuoQBUo9OAdPuHLeXZenFfn7S+64mQ7RzAn5+MXw1GHHA==</latexit>x1
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